Abstract: The ADM formalism is reviewed and techniques for decomposing generic components of metric, connection and curvature are obtained. These techniques will turn out to be enough to decompose not only Einstein equations but also covariant conservation laws.
Introduction
Almost a century after the birth of GR there is yet no universal consensus on how energy, momentum and other conserved quantities should be defined in it from a fundamental viewpoint. There is a number of simple situations in which everybody agrees on the expected result, but such results can be obtained from a great number of, quite different, prescriptions that usually differ when used in a generic situation.
From a fundamental viewpoint the situation could not be worse: some people use prescriptions based on pseudotensors (here this term refers to coordinate expressions with non-tensorial, sometimes undetermined, transformation properties) argueing that generally covariant prescriptions cannot catch physical properties of conserved quantities; some use covariant prescriptions argueing that non-covariant objects have no meaning in GR. The main reason to defend covariant conserved quantities in GR is that, according to the general covariance principle, if conserved quantities were intrinsically non-covariant they would be irrelevant to the description of Nature. Here we are using general covariance principle in the naive form: one can describe Physics in an observer independent way, that is just the definition of what one should understand for a (classical) Nature which exists out there independently of the observer. This is enough for us to accept at least the challenge to understand conserved quantities on a covariant stance.
Let us stress here once for all that obeying general covariance principle does not mean to use always intrinsic quantities or covariant expressions. On the contrary, one necessarily has to break the coordinate gauge at some stage to compare results with experiments; see [1] . Experiments are by their own nature performed in some coordinate system set by some observer which (or who) has set its own conventions for determining position and time of events.
To be precise, the general covariance principle claims that the description of Physics can be done independently of any a priori coordinate fixing. It does not exclude that in particular situations one has a posteriori preferred coordinates, preferred splittings between space and time, or preferred observers; see [2] , [3] , [4] , [5] . One very well-known example of such a situation is Cosmology: in Friedmann-Robertson-Walker solutions one has canonical clocks (e.g. the temperature of the cosmic background radiation) that not only break Lorentz invariance defining a cosmic (global) time but break the Galilei invariance defining observers which are at rest with respect to the cosmic background radiation. In fact, there are special observers which see the CBR to be isotropic, while observers in motion with respect to them see part of the sky blue shifted and part red shifted. These observers are universal, by this meaning that one should not be surprised to learn that a civilization on the other side of the universe has some special name for them.
This situation in Cosmology is not a violation of the general covariance principle. In fact, these observers can be defined only once a particular class of solutions (FRW) has been given. They are given a posteriori with respect to solving the dynamics of the system, not a priori (in which case they would be given in any solution of Einstein theory).
Another issue in which these sort of a posteriori gauge fixings could be important is quantum physics. It is quite well understood that quantizing a gauge system and then fixing the gauge at quantum level gives in general a different system with respect to fixing the gauge at classical level and then quantizing the physical degrees of freedom (see [6] , [5] , [7] ). In particular it is not yet clear whether in GR there exists a quantum description independent of the observer or quantum gravity necessarily describes the point of view of a fixed quantum observer.
In any event, at a classical level, if one accepts GR as a fundamental description of Physics, whenever coordinate fixings are used one should explain in detail which gauge fixing has been done, why or whether this gauge fixing is needed and why or whether it defines preferred observers in the description of the world.
Another ground of misunderstanding is the physical fundamental meaning of the energy (as well as other conserved quantities) of a system, opposed to an energy for the system. Nester noted (see [8] ) that in many areas of Physics it is well known that many different energies can be associated to the same system. Besides the obvious dependence on the observer's reference frame, which is well known also in Mechanics, Nester pointed out the dependence of energy on control variables (or boundary conditions) well known in Thermodynamics, where besides internal energy one can associate other energies to a system. We completely agree with this position. We believe that many prescriptions define an energy for the system and ambiguities in the prescriptions just mathematically reflect the physical ambiguity in the notion of energy.
As it is well known at least two communities have grown and become incompatible about the issue of the energy of the gravitational field. We believe it is time to make some effort to reconsider the whole issue in view of decades of research in both directions, at least trying to contribute in addressing the issue once and for all. It is our opinion that part of the misunderstanding comes from the overestimated role given to special relativity (SR) in GR. People have often tried to mimick what is done in SR and extend it directly to GR, while it is clear that GR demands instead a deep re-thinking about what are to be understood as legitimate techniques and prescriptions. We collect some motivations of this position in Appendix A. There are also a number of claims, also from valuable reseachers in the area (not excluding Einstein himself), that have been shown to be flat wrong. We collect a number of them, together with their counterarguments, in Appendix B. In Appendix C we will finally present a summary of relations among the different quantities defined in this paper. This paper is a logical review of ADM tecniques and a contribution to the discussion about pseudotensors and covariant prescriptions. In particular we shall investigate in detail the relation between one of the covariant prescriptions for conserved quantities (based on the socalled augmented variational principle and Noether theorem) and one of the non-covariant ones (namely, ADM conserved quantities).
ADM prescription (see [9] , [10] , [11] ) is very well-established and deeply connected to certain issues concerning the Hamiltonian structure of GR theory. It is known to hold for asymptotically flat systems in quasi-Cartesian coordinates (i.e., Cartesian coordinates for the underlying Minkowski reference background).
We shall obtain ADM prescriptions as the ADM decomposition of augmented conserved quantities and then discuss in detail what happens when the hypotheses required for standard ADM do not hold true. To investigate in this direction we shall start performing ADM decomposition in a quite general setting without assuming too much about the solution under consideration, adding hypotheses once the decomposition has been obtained. We shall find out that augmented covariant conservation laws keep providing the correct result, while the standard pseudotensorial ADM quantities fail, sometimes introducing dramatic unphysical divergencies, out of their original scope.
However, the aim of this paper is not to kill pseudotensorial conservation laws ultimately and without appeal. Pseudotensors can in fact be legitemately used with due attention, provided that it is clearly stated which preferred observers they assume. Deriving pseudotensors from covariant conservation laws is one effective way, though probably not the only one, of keeping under control which hypotheses have been used and which gauge fixings have been done.
In Section 2 we shall introduce ADM foliations and a systematic decomposition of objects along the foliation. The main goal of this Section is to obtain some Lie derivatives of the connection which then enter conservation laws. The main computational resource here is to write all results in a frame adapted to the foliation to obtain easier expressions to be dealt with.
In Section 3 we shall review the main results about augmented covariant conservation laws. For an extended introduction and motivations we refer to [12] .
In Section 4 we shall apply ADM decomposition to the covariant conservation laws. This in particular contains the standard canonical analysis of Hamiltonian formalism which was already discussed in [11] . Here we shall rely on systematic decomposition to obtain directly the ADM mass and the ADM momentum from ADM decomposition of augmented covariant conservation laws. Moreover, we shall discuss various independent set of hypotheses which allow to obtain ADM conserved quantities with no extra correction. We believe this will definitely set the long standing discussion about which hypotheses are needed to obtain a "meaningful" notion of energy in GR.
As an example, in Section 5 we shall apply the results of the previous Section to various forms of Schwarzschild solution and with different hypotheses to obtain its ADM conserved quantities. In what follows we shall use homogeneous units, in which c = 1 and G = 1.
Hoping it could help readers who are approaching ADM techniques for the first time we add a detailed guideline to a systematic derivation of decomposition of spacetime objects with respect to a given ADM foliation. In literature it is relatively easy to find decompositions of some relevant object. Here we decided to establish techiques to decompose anything. If the reader wishes to skip these details, recompile this T E X sourcefile uncommenting (just above the title) the command \CollapseAllCNotes.
We shall use below the following typographic conventions: paired color terms cancel out, underlined terms are similar (or to be collected together), framed terms are zero.
ADM Foliations
Let us consider a spacetime manifold M , here for simplicity assumed of dimension m = 4, even though one can easily generalize the discussion to a generic dimension. We shall denote coordinates on spacetime M by x µ , with µ = 0, . . . , 3.
A (global) ADM foliation is a bundle structure π : M → R; the fibers π −1 (t) = S t ⊂ M are identified with the leaves of the foliation. From a physical viewpoint, the fibers S t ⊂ M are defined as the set of simultaneous events for a given observer. Of course, different observers might have different synchronization protocols and define different ADM foliations on the same spacetime M . In fact, fixing an ADM foliation is part of the observer's specification.
Here, instead of looking for a preferred class of observers (which of course could lead to simplifications in special situations) we shall work with an arbitrary but fixed observer. ADM formalism imposes the choice of an observer, but at least working with an arbitrary one is as close as possible to the principle of general covariance. Moreover, special classes of observers are often depending on the class of solutions under consideration and, as such, they are not suitable for discussing from a fundamental viewpoint how one should define conserved quantities.
The standard fiber S of an ADM foliation represents an abstract model for space. Coordinates on S are denoted by k A , with A = 1, 2, 3. Fibered coordinates (x 0 , x i ), with i = 1, 2, 3, on M are called adapted coordinates with respect to a given ADM foliation. In adapted coordinates the fibers (i.e. space submanifolds) are given by S t = {x 0 = t}. The fiber coordinates provide a canonical parametrization of the fiber S t in the form
These parametrizations are called the adapted parametrizations. They depend of course on the ADM foliation, a trivialization and the fiber coordinates chosen. For notational convenience we shall also define the (maximal rank) matrix α Notice that the fiber S t , being vertical, can be covered within a single trivialization domain.
Therefore, we shall here work in a fixed trivialization.
In general, one could use different parametrizations of the fibers; the generic parametrization is
In this more general case, let us set
The family of embeddings i t is a diffeomorphism i : R × S → M which can be inverted to give
. Each object can be expressed as a function of x µ or (t, k A ). The fact that (2.3) are the inverse of (2.2) implies x 0 = f (f −1 (x 0 )) and
For later convenience let us prove that d 0 α i A = 0. In fact, one has
Moreover, let us remark that
is symmetric in the indices (AB); it will be denoted by α i AB . Generic changes of adapted coordinates are in the form
These changes of coordinates preserve the ADM foliation. There always exists an atlas of M made only of adapted coordinates. Let us now consider two trivializations, two charts on S with transition functions k ′A = k ′A (k) (the Jacobian being denoted by J B A ) and two parametrizations
Then i t = i ′ t ′ glue together to define a single embedding if and only if
From this it follows that changing trivialization on the ADM foliation does not preserve adapted parametrizations; if one starts with an adapted parametrization φ i (t, k) = δ i A k A , the transformed parametrization φ ′i (t ′ , k ′ ) = x ′i (t, δ i A k A ) is not adapted unless in the special cases when
e. one is keeping the trivialization fixed and one is just changing coodinates on S). However, this is enough to prove that in a fixed trivialization one can cover the whole fibers by means of local adapted parametrizations. Below we shall need to keep under control global properties of objects defined using these ADM foliation and fiber parametrizations. Hence we need to trace how quantities transform under changes of trivialization. In particular, by taking the derivative of (2.9), one has:
Once the parametrizations of fibers have been fixed we can define a canonical covector:
where we set α = det(α Let us also define a basis of vectors tangent to T x S t (also known as vertical vectors) by:
This basis of vertical vectors transforms as e In view of (2.10) this is also true when changes of trivializations are allowed. Notice that ∂ i are vertical vectors and hence they transform as
We stress that no metric structure has been yet fixed on M . Let us now consider a Lorentzian metric g on M and assume that S t are spacelike submanifolds on the Lorentzian manifold (M, g), i.e. that the metric γ induced on S given by
is positive definite. We can define a future directed unit vector normal to the leaves
The global vector field n (as well as any global vector field everywhere transverse to the leafs of the ADM foliation) defines a connection on the bundle π : M → R (depending on the spacetime metric and on the observer conventions). Integral trajectories of n (as well as the horizontal trajectories of any connection) define what it means to stand still for an observer associated to the fixed ADM foliation. Notice that two parallel vector fields (as n and m = N n which will be defined below) define, under this viewpoint, the same observer, but different standards of time.
We can hence define a (not-necessarily-orthonormal) frame e a = e µ a ∂ µ = (e 0 = n, e A ) adapted to the foliation. In adapted coordinates the vector ∂ 0 associated to the coordinate x 0 can be expanded along the basis e a as follows
and defines the lapse function N and the shift vector N = N A e A .
In view of transformation laws (2.10) , N is a scalar on S and N A transforms as a vector on S. Of course, both are time-dependent as well.
The dual basis e a = e a µ dx µ of covectors can be defined accordingly. Here e a µ denotes the inverse matrix of e µ a . In view of (2.12) and (2.15) in adapted coordinates one has e 
The spacetime covariant derivative (with respect to the Levi-Civita connection of g µν ) will be denoted as usual by ∇ µ , while the covariant derivative of space objects (with respect to the Levi-Civita connection of γ AB ) will be denoted by D A . Equation (2.9) can be regarded as a (time-dependent) change of coordinates on the fibers given by x ′i = φ i (t, k). Accordingly, we can consider the metric γ ij as the pull-back metric obtained by dragging γ AB along this transformation on the fibers. Hence one can define 3 Γ i jk to be the Christoffell symbols of γ ij and denote by D i its covariant derivative. The Christoffell symbols 3 Γ i jk and 3 Γ A BC are related as follows
as well as vice versa 
We can prove the following Lemma:
Moreover, the fibers S t are submanifolds embedded into spacetime M and one can define the extrinsic curvature
where we introduced the operator δ 0 := d 0 − £ N and £ N denotes the Lie derivative with respect to the shift vector. The extrinsic curvature K ij is, as usual, a symmetric space tensor on S t .
We shall later prove that this is actually the extrinsic curvature defined in differential geometry and how it relates to the derivative of the normal n of the submanifold S t . Until then (2.24) is to be regarded as a notation. One can also show that
where Lemma (2.5) has been used. In the meanwhile, for later convenience let us prove that we are able to express the "time" derivative of the spatial connection 3 Γ A BC as a quantity on the fibers. In fact
The ADM splitting of the spacetime metric induces the ADM splitting of its Christoffel symbols.
Before starting let us consider some special combinations used herafter; in particular we have
and
Then we obtain:
The extrinsic curvature of a time-dependent embedded hypersurface i t : S → M is a measure of the change in time t of the normal unit vector. As the name suggests that is a quantity depending on the embedding maps i t : S → M. Let v = v A ∂ A a vector tangent to S, also interpreted as a
Let us define the endomorphism χ : T S t → T S t : v → ∇ v n. In adapted coordinates one has:
The last equality is a consequence of the fact that the vector χ(v) is again tangent to S t ; in fact
Hence one has
The normal vector is n = N −1 (∂ 0 − N i ∂ i ) -see (2.15); the Christoffel symbols are expressed in terms of the metric tensor which is in turn expressed as (2.33) and (2.34). By expanding all terms one easily obtains
Despite the frame timelike vector e 0 is a unit vector and orthogonal to each e A , the frame e a is not orthonormal in spacetime since the space vectors e A are not necessarily orthonormal in space. However, it is covenient to express geometric objects in this frame. For example, the Christoffel symbols Γ α βµ of the metric g, namely the coefficients of its Levi-Civita connection, define the spin coefficients: 
Let us prove here the previous expressions for spin coefficients. One has:
where Lemma (2.5) has been used.
We can now define the curvature tensor of the spin coefficients The frame components of the Riemann tensor R a bcd can be obtained as
Let us here prove these expressions.
(2.54)
We can hence define the Ricci tensor
and the Ricci scalar
Let now ξ = ξ µ ∂ µ = ξ a e a be a spacetime vector. We can define the covariant derivatives
The second is just another expression for the tetrad component of the first one.
In fact, we have For the vector ξ = n (i.e. ξ 0 = 1, ξ A = 0) we get
For the vector ξ = N (i.e. ξ 0 = 0, ξ A = N A ) we get
The second derivatives will be defined as
Let us compute as an example only the second derivatives that will be used below.
For the vector ξ = n (i.e. ξ 0 = 1, ξ A = 0) we get
We stress however that all second derivatives can be computed and we suggest the reader to do it as an exercise.
The Lie derivative of spin coefficients will be defined as
Notice that this is to be understood just as a notation, not as the true Lie derivative of the spin connection. The spin connection is in fact a gauge-natural object and one cannot define its Lie derivative along spacetime vector fields, but just along gauge transformations; see [13] . This is instead related to the so-called Kosman lift (see [14] ) implicitly introduced by Kosman in order to define Lie derivative of spinors (see [15] ).
For future convenience let us compute the Lie derivatives that will be used hereafter.
For ξ = n (i.e. ξ 0 = 1, ξ A = 0) we obtain:
For ξ = N A e A (i.e. ξ 0 = 0, ξ A = N A ) we obtain:
By using the identity
Let us here compute for later convenience the first derivatives
and the second derivatives of the lapse function
that can be expanded as
Let us remark that the vector n is not projectable with respect to the ADM foliation, while m is. Hence the flow of m sends fibers into fibers, i.e. it preserves simultaneity, while the flow of n does not (in general). Let us also remark that one has ∂ 0 = m + N . We shall use these Lie derivatives in the applications below.
Covariant Conservation Laws
In [12] we presented a framework based on Noether theorem to define covariant strong conservation laws for Lagrangian systems. The framework here presented is practically equivalent to many frameworks independently proposed in literature (sometimes requiring extra hypotheses that are unnecessary); see [16] , [17] , [18] , [19] , [20] .
In this framework one doubles the fields introducing, besides the dynamical metric g, the socalled reference metricĝ and the conservation laws so obtained are interpreted as describing the relative conserved quantities between the reference and the dynamical fields. This catches most of the instances of covariantization mentioned in the literature on the basis of ad hoc procedures.
The augmented covariant conserved quantities for a space section
where we set κ = 8πG/c 4 
for the Noether currents of the field g and the referenceĝ, while
denotes the boundary correction due to the augmented variational principles.
Here "covariant" refers to the fact that these quantities are scalars. However, they have to be interpreted as the mass and momentum measured by an observer which has been fixed at the beginning. It does not imply that mass or momentum do not depend on the observer; different observers will see different lapse and shift, different boundaries ∂S t and different symmetry generators. As discussed in Appendix A one cannot expect to obtain anything better in GR.
These expressions are derived in [12] , to which we refer for further motivations; we wish to mention that these relative conserved quantities have proven to produce the expected results in many situations both standard (Schwarzschild [21] , Kerr-Newman [22] ) and non-standard (BTZ [23] , Kerr-AdS [24] and [25] , Taub-Bolt [26] and [27] ).
Here we want to perform ADM splitting of these strong covariant conservation laws in order to investigate which extra conditions, if any, are needed to obtain standard ADM quantities.
We stress that obtaining a pseudotensor in this way is much more meaningful than what is usually done in the literature: at least one can trace explicitly which hypotheses are required in order the expression to hold, which in turn means that one can keep under control which classes of preferred observers come with the pseudotensor. We believe that these are the minimal requirements to be met in order to be allowed to use coherently non-covariant expressions in GR at a fundamental level.
ADM Quantities
Let us hereafter perform the ADM decomposition of the augmented conserved quantities defined above. As a first attempt we prefer to restrict to the case in which both the dynamical metric g and the reference metricĝ define the same normal vector n at the boundary ∂S t where conserved quantities are integrated. This means the two metrics define the same lapse and shift on ∂S t while the induced metrics γ andγ could be different. Notice that this condition is much less restrictive than the usual matching conditions found in literature, which impose the same metrics on ∂S t . This is a technical hypothesis and there is no fundamental reason to restrict to these cases as we here do for convenience. More general situations may require even weaker hypotheses; further investigations will be devoted to this more general case.
We shall first establish some building blocks which will be used later to discuss the ADM splitting of the covariant conserved quantities (3.1) defined in the previous Section. 
where we set dv = ds 0 for the (coordinate) volume element on S.
Now setting ξ = n one gets:
while for ξ = N one gets
Here we set dv A = e A dv and d denotes formal divergence (or, equivalently, formal covariant divergence; see Appendix B) which is defined to correspond to on-shell exterior differential on S.
The same expressions with suitable hat-objects hold for the reference currentsÊ
Notice that these last currents would be associated to the vector fieldsˆ n andˆ N , respectively, which in general have no a priori reason not to differ from the ones n and N computed out of the dynamical fields. This is why we imposed the boundary conditions n ≡ˆ n and N ≡ˆ N . If one wished to be completely general and two different normal vectors were to be considered, as it can be done, the reference normal unit vectorˆ n would have to be decomposed along the frame . This is of course feasible, but tedious and it does not seem to be really necessary for our later applications; In fact no generality seems to be lost, at least at the classical level, since at the end the differences vanish along constraints.
Let us check here these splittings.
For the shift vector one has:
The bulk terms in (4.2) -namely,
-vanish on-shell (they are in fact the Hamiltonian constraints) while the surface terms are the ADM decomposition of Komar superpotential. This decomposition of Noether currents into a bulk term vanishing on-shell and a boundary term is the canonical splitting of Noether current (see [12] , [13] ).
The (00) component of fields equations is
and it shows that H = 0 on-shell. The (0A) components
show that H A = 0 on-shell.
The Komar superpotential reads as
Setting ξ = n one gets
as above.
Setting ξ = N one gets Let us also remark that, in view of (2.62), (2.73), and (4.1) we have
In fact, we have: 
where we set u λ :=ĝ µν u λ µν . Notice that the computation above is carried out at the boundary ∂S t where the frames induced by the two metrics actually coincide under our hypotheses. Of course one also has
where we setû λ =ĝ µνûλ µν .
Since the two metrics induce the same frame at the boundary ∂S t the matrices e µ a and e a µ representing (co)frames do not depend on the metric and all differences between the metrics are contained in the frame metrics η ab andη ab .
Let us then compute: 
Accordingly, one has alsô 
and for later convenience
Accordingly, one has alsô
Setting ξ = n we obtain
Setting ξ = N one gets instead
Let us here compute the above expressions.
Setting ξ = n, we obtain
Now we are ready to compute the conserved quantity Q[ξ] given by (3.1).
For ξ = n one gets
The bulk terms vanish on-shell, while we can set
for the boundary current, so that one has Q[ n] = (2κ)
For ξ = N one gets thence
The bulk terms vanish on-shell, while we have
for the boundary current, so that one has Q[ N ] = (2κ)
In view of (4.11) we can also compute the conserved quantity
In fact, in view of (4.2), (4.11) and (4.18), on-shell we have:
On shell we can set
so that one has Q[ m] = (2κ)
At this point one can require some extra condition in order to further simplify these expressions. One usually requires the metric and the reference metric to match at the boundary, so that, still at the boundary, one also has γ =γ, while of course the derivatives of the metrics (and the relative connections) are not required to match. Under these further hypotheses one gets:
If M ≃ R 4 and the reference metric happens to be Minkowski, if we use Cartesian coordinates for the reference metric, we haveû A BC = 0,K AB = 0 on the boundary and (4.31) give
i.e. the standard ADM conserved quantities, though obtained from augmented covariant conservation laws.
Let us stress that our hypotheses are in any case weaker than the usual asymptotical flatness.
Here we just require that the metric g µν goes to the referenceĝ µν at space infinity, no matter how fast it goes.
In fact in the literature there are a number of slightly different notions of asymptotically flat spacetimes. All of them require the dynamical metric g to match a flat reference metricĝ on the boundary ∂S t . However, they often differ on how fast this match is obtained. One defines a quantity r which approaches r → ∞ on ∂S t and the components of g −ĝ (and their derivatives) are required to be infinitesimal of certain order as r → ∞. One needs to control also the derivatives since, of course, a function can be infinitesimal but with a derivative which is not. The order of infinitesimal required strongly depends on what exactly asymptotically flatness is required for, in particular which quantities one wants to control.
Here we shall consider two different sets of hypotheses. First, we shall say that a spacetime is asymptotically flat (AF) when g −ĝ scale as r −1 , that first derivatives scale as r −2 , and so on.
We shall also consider BoM-asymptotically flat (BoMAF) spacetimes (see [28] , [29] ) that, to the best of our knowedge, is the prescriptions which are best suited for conservation laws and initial value problem. Field fall-off is considered to ensure that spacetime has no even supertranslations and still there are enough initial conditions to have a well-posed initial value problem.
Let S be a space leaf, x i a global coordinate system and γ the the metric induced on the space leaf. Let also also define r 2 = δ ij x i x j . The spacetime metric g is said to be BoM-asymptotically flat (BoMAF) if (for r ≫ 0) one has γ ij (x) = δ ij + s ij (−x)) and h ij falls off like r −1−ǫ (for some ǫ > 0), the derivatives ∂ k h ij like r −2−ǫ and so on.
An even (odd) function is a function f (x) such that Moreover, the conjugate momenta π ij (x) := √ γ K ij − Kγ ij are tensor densities such that
where the function − t ij is an odd smooth function on S 2 and k ij (x) falls off like r −2−ǫ (for some ǫ > 0), the derivatives ∂ m k ij like r −3−ǫ and so on. The lapse and shift can be recasted as These conditions (4.33), (4.35), and (4.36) will be hereafter called BoM-asymptotic flatness. Let us stress that BoMAF conditions are stricter than AF conditions as far as the 3-metric is concerned (in view of (2.18), BoMAF dictates falling off as r −1 but with specific parity) but they are weaker about lapse and shift (e.g. BoMAF prescribes N i ∼ r −ǫ while AF prescribes
Both these definitions of asymptotically flatness are coordinate dependent; in the literature there are also intrinsic definitions (see, e.g., [30] ). Of course the intrinsic definition is a better notion in GR and should be preferred with respect to coordinate definitions as the one we adopted here. However, we stress that here we are discussing ADM integrals which are obtained by pseudotensors. Precisely, we are obtaining pseudotensors by a (partial) gauge fixing of the coordinate freedom. As usual when one performs a partial gauge fixing, a preferred class of transformations parametrizing the residual gauge freedom is automatically selected and, in view of this breaking of covariance, physical quantities cannot be expected to be manifestly generally covariant. In this context we need to use coordinate dependent notion of asymptotically flatness, since the intrinsic one would not respect the partial gauge fixing we have been doing.
In the following Section we shall see that the same result holds under various set of hypotheses starting from different expressions.
Pseudotensors
Reference fields are not very popular in literature so that one often tries to avoid them. Despite it is well-known, also in Newtonian Physics, that absolute energies cannot be endowed with a meaning and that only relative energies are well-defined physical quantities, people like absolute prescriptions in GR. One way to get rid of the reference metric is to choose the observers for which reference contributions vanish. To this purpose, let us consider the following quantity
One can fix the reference background so thatÊ[ξ] = 0, and the coordinates in such a way that one hasû λ µν = 0 at the boundary. For instance one can fix Minkowski metric as a reference and asymptotically Cartesian coordinates in which the reference metric is constant and its Christoffell symbols vanish. Under these assumptions this is equivalent to augmented conserved quantities. However, choosing coordinates corresponds to a partial gauge fixing which breaks general covariance. In fact, u β µν is not a tensor and hence the boundary correction is not a scalar. The reference field was originally introduced exactly to covariantize this quantity; see [18] . . Accordingly, for ξ = n one gets
where we defined the extra current
In fact, in view of equations (4.2) and (4.19), one has
and:
where the framed terms vanish when one uses adapted parametrizations (α i A = δ i A ).
Under AF assumptions, since the metric approaches Minkowski at the boundary, the shift In the case of AF solutions the quadratic term in the shift does not contribute and one obtains
Under BoMAF assumptions, analysis needs more details. In this case one has to consider lapse and shift fall-off (4.36) together with the matching condition g =ĝ at the boundary and For ξ = N one gets
where we defined the extra current by
In fact, in view of equations (4.3) 
In the case of AF solutions the quadratic term in the shift does not contribute and one obtains
with the integrand going as
Again under BoMAF assumptions one has the extra current unchanged
given by (5.7). In general both integrand terms diverge.
If the extra current does not vanish there are corrections which are necessary to obtain reasonable results. We shall discuss this on a specific example below. We stress that standard expressions for ADM quantities are checked on specific simple examples in which one already knows which mass and momentun is reasonable to expect. Only examples can validate or reject prescriptions for conserved quantities. We shall discuss some example and interpretation below.
Less severe (and known in the literature: see [11] and references quoted therein) hypotheses are required if one considers the conserved quantity
where we defined the extra current as
In fact, one has:
14)
The extra current We can now easily obtain again the result of [11] by computing the boundary Hamiltonian
where we defined the Regge-Teitelboim boundary Hamiltonian
and the extra current
The full Hamiltonian receives a (vanishing on-shell) bulk contribution from the Hamiltonian constraints, a contribution from the Regge-Teitelboim boundary Hamiltonian (see [10] ) as well as a boundary contribution from the extra current C ′ [∂ 0 ] (see [11] ). The extra current can be controlled only by spatial derivatives of the shift. This extra term vanishes for AF solutions, but if the metric does not meet the fall off prescription for asymptotically flatness, as in the case of BoMAF, these corrections still guarantee the correct results. We shall see this below in an example.
To summarize, we have shown how the standard ADM mass and momentum can be obtained from Noether theorem, associated to n (or m) and N , respectively, provided some extra hypotheses are imposed; one can cancel the extra terms using a matched reference or using the pseudotensor (5.1) when hypotheses (stricter than asymptotical flatness) are imposed. The Hamiltonian is a particularly lucky case since in that case asymptotical flatness is sufficient for ADM mass and momentum as well.
Before considering examples, we shall show how asymptotically flatness becomes in fact sufficient if one requires ∂ 0 to be a Killing vector. The Killing equations for ξ = ∂ 0 ≡ m + N are hence
For ξ = ∂ 0 we have
If Killing equations hold true, then the time-derivatives of the lapse and the shift vanish and AF is enough to control the extra currents in the mass and in the momentum.
Of course in case of BoMAF hypotheses, extra control on the terms quadratic in the shift is needed.
We stress, however, that we did not use all Killing equations to obtain control; hence also here the vector ξ = ∂ 0 does not need to be necessarily Killing, while this is certainly a sufficient condition.
Moreover, with specific solutions, one could also do better than this. For example, for a specific solutions and foliations the shift may happen to fall off faster than prescribed, which in particular allows to obtain control on all these quantities.
Examples
As long as different prescriptions for conserved quantities give the same result they of course enforce one another and the choice is a matter of taste which may depend on easy calculability or on how strictly they implement fundamental principles. In the previous Section we presented a number of sets of hypotheses which ensure, in different situations, that standard expressions for ADM are recovered from covariant conservation laws. However, one should not be too fond on standard expressions, expecially outside the scope in which they have been derived.
When different prescriptions provide different results one can really judge which one, if any, is still valid and which one is not. Here we shall consider the Schwarzschild solution in different coordinates and apply all the above prescriptions and compare them. Let us remark here that Schwarzschild is one of the relatively few cases in which the Newtonian limit is quite wellunderstood and one can make a comparison with classic definitions. Hereafter we shall use Maple Tensor package (see [31] ) for explicit calculations.
The Schwarzschild metric in pseudo-Cartesian coordinates (t, x, y, z) reads as
where we set f 2 (r) = 1 − 2m r and r 2 = x 2 + y 2 + z 2 . We are here considering the spacetime region with r > 2m; the ADM foliation is given by the projection on coordinate time t and fibers are S t = {x 0 = t}. The boundary region where we shall perform all integrations is the space infinity r → ∞. We have the normal unit vector n = f The corrected ADM prescription (5.3), (5.11), (5.7) are:
The Hamiltonian (5.15) gives:
since the shift is zero.
The reference metric can be chosen to be the limit of (6.1) for m → m 0 , i.e.
where we set f r . This is of course Minkowski metric when m 0 = 0. The two metrics match at r → ∞. They define the same asymptotic lapse and shift. The augmented conserved quantities (3.1) are
All this is quite standard; we are in quasi-Cartesian coordinates and with an asymptotically flat solution. The shift is zero and ∂ 0 is a Killing vector. All hypotheses made above are met and all prescriptions presented above agree. Notice that one hasÊ[ m] = 0, while one haŝ
N which accounts for the fact that the pseudotensor for m behaves better than the pseudotensor for n. In any event the augmented conserved quantity produces the correct result.
The bulk contribution for ξ = n of the reference metric is: 
where we used the fact that the extrinsic curvature is vanishing.
Let us now check what happens when we consider different coordinates. In view of the general covariance principle (moreover, in its weaker formulation about passive changes of coordinates) one would expect reasonable physical quantities to be unaffected, provided the coordinate change is globally defined in the same integration domain (as it will be in all cases considered hereafter). The Schwarzschild metric in standard (quasi-polar) coordinates (t, r, θ, φ) reads as
with f 2 (r) = 1 − 2m r . The relation with previous quasi-Cartesian coordinates reads as
We are here considering again the spacetime region with r > 2m; the ADM foliation is given as above since we did not change coordinate time. We have the normal unit vector n = f −1 (r)∂ 0 ;
which means lapse N = f (r) and zero shift N = 0. The extrinsic curvature (being a tensor) is again zero. The corresponding standard ADM mass and momentum (4.32) are
Since these are not tensor objects it is no surprise that their values are different from the corresponding quantities in quasi-Cartesian coordinates.
The corrected ADM prescription (5.3), (5.11), (5.7) are:
In fact the contribution of the reference metric (also for m 0 = 0) in polar coordinates is definitely non-zero; on the contrary, it scales as r r→∞ −→ ∞, and, in view of its relation with augmented conserved quantities, one does not expect Q ′ [ξ] to be meaningful or finite in these coordinates.
since the shift is zero. If one keeps considering the reference contributions then one obtains the expected finite result for the Regge-Teitelboim Hamiltonian also in these coordinates.
The reference metric can be chosen to be the limit of (6.9) for m → m 0 , i.e.
where we set f 0 (r) = 1 − 2m 0
r . This is of course Minkowski metric when m 0 = 0. The two metrics match at r = ∞. This reference induces the same lapse and shift at the boundary ∂S t . The augmented conserved quantities (3.1) are
Here the corrected conserved quantity E and C[ n] still provide the expected result despite standard ADM expressions fail since their hypotheses are not satisfied. In these coordinates the reference contribution cannot be neglected sinceû We can now change again coordinates and choose
In these new coordinates (τ, x, y, z) the Schwarzschild metric reads as
where
Since we changed coordinate time we are now using a different foliation τ = constant. In this case we have N 2 = 1, γ ij = δ ij and N i = ± 2m r 3 x i . This shift does not meet the fall-off prescription usually required for AF, while they meet BoMAF prescriptions though with some extra parity conditions. Notice that the shift vector is still time-independent. The extrinsic curvature is now
x i x j r 2 (6.18)
Of course, K is a space tensor and does not depend on coordinates, but now that we are changing ADM foliation it refers to other space manifolds in M .
Since the space metric is γ ij = δ ij and N = 1, the quantity 3 u k ij vanishes and we find
Again no much surprise that we get different results since these are conserved quantities measured by different observers.
When extra currents are taken into account one gets for the mass
while for the shift
This recovers the Hamiltonian found in [11] 
which is correct. Notice that the extra currents are essential for getting the correct result; without extra currents the Regge-Teitelboim boundary Hamiltonian would produce wrong result M m ADM + P ADM = 2m, according to the fact that the metric expression (6.17) is not AF. The reference can be chosen aŝ
This defines the same lapse and shift at space infinity, and for m 0 = 0 it reduces to Minkowski.
Augmented conserved quantities associated to n = m and N and the reference (6.23) for m 0 = 0 are:
Again augmented conserved quantities reproduce the correct mass, momentum and Hamiltonian, also in this case when the solution is not asymptotically flat. The augmented conserved quantity associated to ∂ τ = m coincides by definition with the Hamiltonian.
Here we are outside the scope of the definition of ADM quantities. In the chosen coordinates the solution is not manifestly AF. If we accept as a coherence check that H = M m ADM +P ADM , the standard ADM quantities define the Regge-Teitelboim Hamiltonian density which is manifestly affected by an anomalous factor problem. On the contrary, the corrected ADM quantities (Q ′ [ n]
and Q ′ [ N ]) define the expected Hamiltonian with no anomalous factor. Moreover the corrected ADM quantities coincide with the value of the augmented conserved quantities which once again provide the correct result in a covariant way that, in the form (3.1), is even independent on the foliation machinery.
Conclusions and Perspectives
The ADM mass and momentum of Schwarzschild spacetime are obtained as Noether quantities associated to particular symmetries. We found that ADM mass is associated to the normal unit vector n of the foliation, while ADM momentun is associated to the shift N . This is true in pseudo-Cartesian coordinates, but it remains true also in pseudo-spherical coordinates provided one uses a matched reference to suitably compensate the infinities. Notice that the prescriptions based on pseudotensor here fail.
The relation of ADM pseudotensor with covariant conservation laws allows us to trace exactly which hypotheses are needed to reduce the covariant quantities to the ADM pseudotensor. These hypotheses include also the definition of preferred observer (the one associated with the frame e a used as symmetry generators). ADM conserved quantities emerged as the covariant quantities measured by those preferred observers, accounting explicitly for non-covariance.
The extra hypotheses required emerge from the need of cancelling terms which one wish to get rid of. We pointed out that different terms can be cancelled using different techiques: by restricting symmetry generators to Killing vectors or by cancelling contributions from dynamical fields with contributions from reference field (which in this case are required to match) or by restricting asymptotic behaviours.
All these techniques are legitimate in particular contexts. However, we stress that when one discusses conserved quantities from a fundamental viewpoint one cannot forget that a generic solution in GR has no Killing vector to be used and different asymptotics provide different equally physically legitimate sectors of the theory. Of course Killing vectors or asymptotic behaviours can be used in specific situations, though matchings, when viable, provides in our opinion a preferred, generic, covariant tool.
Future investigations will be devoted to consider if the standard treatment inspired to SR and energy-momentum tensors can be reproduced for ADM quantities and one can take advantage from the techniques developed for covariant conservation laws (for example to discuss the relation between energy-momentum tensors and Hilbert stress tensors; see Appendix A).
Appendix A. Conservation Laws in Special Relativity
In Special Relativity (SR) the standard treatment of conserved quantities is based on structures which do survive when one tries the extension to GR. The same simple notion that 4-momentum is a Lorentz vector cannot be extended in any way to GR. This can be easily seen by tracing the procedure of SR using the language to be used in GR; in other words we can try and regard SR as a special solution of GR with the Minkowski metric g = η which being flat is trivially a solution of Einstein equations. We stress that this is equivalent to treat Minkowski spacetime as a Lorentzian manifold (which happens to be isometric to R 4 ) instead of using its affine structure. Accordingly, one should systematically mind the difference between points in M and its tangent vectors.
For simplicity, we shall consider a Klein-Gordon (KG) matter field; this is simpler than the general case but it is sufficient to simply make most of our points. KG scalar field is a section of the configuration bundle M × R with coordinates (x µ , φ). The KG Lagrangian is
where φ µ = ∇ µ φ denotes first derivatives of KG field. The momentum densities are
The variation of the matter Lagrangian reads as
where we defined the KG tensor density
which represents field equations E = 0 for the KG field (thus, by definition, it vanishes on-shell); the Hilbert stress tensor H is defined by p µν = √ g 2 H µν . It is defined to be a symmetric tensor. When one couples to gravity in GR, matter acts as a source of gravitational field through H µν . In literature this is often called the energy-momentum tensor while we shall use that name for a different quantity coming from Noether theorem which only in special cases (one of which is in fact KG matter field) coincides with the Hilbert stress tensor.
One can prove the covariance identity which holds true for any spacetime vector field ξ
which can be easily proved by simply expanding Lie derivatives
The covariance identity can be recasted as
covariant integration by parts where we set
for the Noether current. The tensor T µ α is more appropriately called energy momentun tensor; we shall comment later about its relation with H µν .
In a general SR situation this Noether current is not conserved; in fact one has E = 0 on-shell but H = 0, so that one has
This extra term on the right hand side is the direct consequence of the fact that Minkowski metric in SR does not obey field equations and it is instead imposed as a freezed structure on spacetime. In GR one couples with gravity, Hilbert Lagrangian contributes by a further term which, together with matter contribution, factorize Einstein-matter field equations and they together vanish on-shell. This cancellation cannot be obtained in SR. However, if one restricts to consider Killing vectors for the metric (i.e. £ ξ g = 0) then the right hand side vanishes and Noether current is conserved. In this case one can define the conserved quantities
which are conserved since the Noether current is conserved (this time not because of field equations though thanks to Killing equation). In Cartesian coordinates, for ξ = ∂ 0 one defines the energy P 0 = Q[∂ 0 ], while for ξ = ∂ i one defines the momentum P i = Q[∂ i ]. Of course, there are infinitely many Cartesian coordinate systems. Lorentz transformations change Cartesian coordinates the quantities P µ = (P 0 , P i ) transform as a Lorentz vector. However, let us stress that P µ are integral quantities which are not associated to any particular point of Minkowski space. It is only using the affine structure of Minkowski space that one can define a free covector P = P µ dx µ ; this is not a vector field (the components are numbers not functions) nor a tangent vector to some point of Minkowski. It is only in view of integrability of parallel transport on Minkowski (which holds true iff the metric is flat) that one can define constant vector fields to be identified with free vectors. We stress that on a generic Lorentzian manifold there is nothing like that.
The properties of energy-momentum tensor are obtained by considering the identity (A.8).
Expanding both sides one gets
In this way one can prove that the energy-momentum tensor T is conserved, it is symmetric and it coincides with the Hilbert stress tensor.
For more general matter fields (e.g. the electromagnetic field) the Noether current is in the more general form
The conservation law implies then on-shell
where we used the fact that in Minkowski spacetime covariant derivatives commute. Again we have conservation, but the energy-momentum tensor and the Hilbert stress tensor differ considerably. The second item, however, provides the relation between these two tensors in terms of the higher order tensor T µν α (which is skew in [µν]). One can integrate (A.11) by parts
which in view of antisymmetry defines the superpotential (which is vanishing for KG Lagrangian)
The superpotential defines conserved quantities as boundary quantities and controls the relation between the energy-momentum tensor and the Hilbert stress tensor; in particular it tells us how to build a symmetric tensor H µν out of the energy-momentum tensor T µν which is not symmetric in general.
To summarize, one cannot expect to be able to define anything like a 4-momentum tensor, nor to control its transformation rules with respect to Lorentz transformations (which are not even defined in GR). Of course, in the case of AF solutions, one can repeat the SR argument at infinity where one can define asymptotic Cartesian coordinates, asymptotic Lorentz transformations, asymptotic Killing vectors and asymptotic free Lorentz covariant 4-momentum covector. On the other hand, in GR general covariance considerably improves conservation laws which hold in general without any need of requiring Killing vectors.
Appendix B. Frequently Made Comments about Conservation Laws in GR

Covariant conservation laws are not conservation laws
This argument goes back to Einstein who also gave a physical explanation of non-covariance in term of equivalence principle and interaction energy; see e.g. [32] page 126.
When the argument is expressed as a general statement (Covariant conservation laws cannot be conservation laws) it is wrong and based on a wrong understanding of what one should mean by "covariant conservation laws".
In fact, it is obvious that in order of having a covariant conservation law the current E must be an object for which covariant derivative is defined, i.e. a tensor or tensor density object. Applying the argument to pseudotensors is based on a wrong definition of covariant derivative.
If E µ is a tensor then of course covariant conservation law is not a continuity equation (due to the connection term which acts as a source). However, if the current is a tensor density of weight 1, i.e. E = √ gE µ ds µ , then the covariant derivative must be modified by a further term originated by the density character
This last terms is needed to make ∇ ν √ gE µ a tensor density. The covariant conservation laws is thence
exactly a continuity equation (we are assuming a torsionless connection).
In other words, this argument instead of ruling out covariant conservation laws, does in fact show how one should require currents to be vector densities, i.e. (m − 1)-forms. By the way (m − 1)-forms is what Noether theorem naturally produces as currents.
Conserved quantities must be expressed by pseudotensors since they are not observer invariants
Of course, energy is not observer invariant nor covariant; also in Special Relativity it is the zero component of a 4-vector, namely the 4-momentum vector. In Appendix A we summarized the standard treatment of (Lorentz) covariance of the 4-momentum in SR, stressing the issues which will turn meaningless when passing to GR. The very notion of a Lorentz free vector is tricky to be extendend to GR.
In any event, aiming to a covariant prescription for conserved quantity does not mean to obtain an invariant (or covariant) quantity. Covariant quantities do in fact depend on the observer since different observers evaluate them along different vector fields and integrate them along different spatial submanifolds; see [25] . Moreover, in view of augmented variational prescriptions (see [12] ) different observers may choose different backgrounds (see [24] and [25] ) and different control variables (see [8] ).
We stress once again that integrating generic pseudotensor objects does explicitly depend on coordinates and hence it directly contradicts the general covariance principle (not only manifest general covariance good looking rule). Of course this does not completely rule out pseudotensor, but requires that when pseudotensors are used an explicit fixing of coordinate gauge and a physical motivation for it should be provided. Just in the same way as in electrodynamics one can use the wave equation, but just after defining Lorentz gauge and showing that one can perform Lorentz gauge fixing in the generic situation.
Killing vectors are necessary to define covariant conservation laws They are not. Komar superpotential was originally defined for a timelike Killing vector but it defined a strong conservation laws for any spacetime vector field; that is E = 2∇ µ √ g∇ α ξ µ ds α is always covariantly conserved; see [13] . This is quite strightforward to be proved directly and indipendently of any theoretical approach.
Augmented conserved quantities provide a whole set of examples of strong conservation laws which can be applied when no Killing vector exists. The Hilbert Lagrangian is generally covariant, it is hence natural to expect a conservation law attached to any symmetry generator, i.e. to any spacetime vector field.
The "myth" of Killing vectors was originated by a continuous deformation of arguments used in SR, where the metric structure is fixed and hence it must be preserved. This is exacly what GR left behind of SR and why GR is a more fundamental framework than SR.
Of course GR expressions can be often simplified if a Killing vector is assumed, but in view of the general covariance principle one cannot rely on it at a fundamental level. Just as for pseudotensors it can be used in special situations but not in the generic case when there is no Killing vector at all.
Matching with the reference is the same as asymptotical flatness
This is not the case. Asymptotical flatness is a stronger request than the matching with Minkowski. Asymptotic flatness requires particular fall off constraints (which by the way are coordinate dependent) while matching simply requires that the metric becomes the reference metric at the boundary, with no particular fall-off required.
Appendix C. Different routes from covariant conservation laws to ADM Let us here summarize the relation between the different quantities defined above. Forgetting about the reference at first leaves some metric contributions uncanceled. In other words, we could say that making the ADM decomposition and forgetting about the reference are two "non-commuting operations".
